We study the three-dimensional generalization of the two-dimensional Stiefel-Whitney insulator protected by the combination of a two-fold rotation C2 and time-reversal T symmetries. We show that a C2T -symmetric three-dimensional insulator can have a stable topological invariant, contrary to its two-dimensional counterpart having fragile band topology. To characterize the bulk band topology further, we develop a new method based on the homotopy class of the symmetry representation for C2zT in a smooth gauge, instead of examining the obstruction to constructing smooth wavefunctions compatible with the reality condition. By using the new method, we show that the three-dimensional topological insulator, dubbed a three-dimensional strong StiefelWhitney insulator, is characterized by the quantized magnetoelectric polarizability, which induces anomalous chiral hinge states along the edges parallel to the C2 rotation axis and two-dimensional massless Dirac fermions on the surfaces normal to the C2 axis. This establishes that a three-dimensional strong Stiefel-Whitney insulator is a second-order topological insulator.
Introduction.-A symmetry-protected topological insulator (SPTI) indicates a gapped phase whose bulk topological property cannot be adiabatically connected to that of a trivial atomic insulator due to symmetry [1] [2] [3] [4] . Accordingly, the topological invariant of an SPTI can generally be considered as an obstruction to finding smooth wavefunctions compatible with a trivial symmetry representation over the Brillouin zone (BZ). For instance, a mirror Chern number [5] , the topological invariant of a mirror-protected SPTI, indicates the obstruction to finding smooth mirror eigenstates. The Z 2 -invariant for a time-reversal-invariant 2D topological insulator [6] can also be understood in a simislar way. Identifying topological obstructions under the constraint of crystalline symmetries and the associated topological invariant is definitely one central issue in the study of SPTIs.
Recently, it has been shown that a 2D system with spacetime inversion I ST symmetry can be characterized by distinct topological invariants, that is, the first Stiefel-Whitney class w 1 and the second Stiefel-Whitney class w 2 [7, 8] . I ST indicates an antiunitary symmetry operation which is local in momentum space and satisfies I 2 ST = 1. I ST can be defined by combining time-reversal T with either inversion P or a twofold rotation C 2 , that is, I ST = P T or C 2 T . For I ST = P T , spin-orbit coupling should be negligible to satisfy I 2 ST = 1 whereas (C 2 T ) 2 = 1 independent of the presence or absence of spin-orbit coupling [9] . Since I ST can be represented by I ST = K with the complex conjugation operator K, the corresponding I ST -symmetric wavefunction can be chosen to be real. w 1 and w 2 are the relevant topological invariants describing the obstruction to finding smooth real wavefunctions over the 1D and 2D Brillouin zones, respectively. In terms of more physical concepts, w 1 is equivalent to the quantized Berry phase while w 2 is identical to the Z 2 monopole charge [10] [11] [12] characterizing a nodal line semimetal in 3D [8] . Moreover, it has also been shown that w 2 becomes a well-defined * bjyang@snu.ac.kr 2D topological invariant in the absence of Berry phase [8] , which characterizes a new I ST -symmetric 2D topological insulator having fragile band topology [8, [13] [14] [15] [16] [17] [18] [19] [20] [21] , dubbed the 2D Stiefel-Whitney insulator (SWI) [8, 13] .
In this Letter, we study a three-dimensional generalization of the 2D SWI protected by I ST symmetry. In systems with I ST = P T , real wavefunctions can be defined over the full 3D BZ. However, unfortunately, there is no corresponding genuine 3D topological invariant [22, 23] . Thus, we focus on the 3D systems with I ST = C 2z T where the z-axis is chosen as the axis for C 2 rotation. In C 2z T -symmetric 3D systems, only the wavefunctions on the k z = 0 and k z = π planes can be real with the corresponding second Stiefel-Whitney class w 2 (0) and w 2 (π), respectively. Thus, a 3D strong Z 2 topological invariant ∆ 3D can be defined as ∆ 3D ≡ w 2 (π) − w 2 (0). Since ∆ 3D originates from w 2 in I ST -invariant planes, the 3D topological insulator with ∆ 3D = 1 can be called a 3D strong Stiefel-Whitney insulator, which is equivalent to the C 2z Tprotected topological crystalline insulator proposed in [9] . We show that a strong 3D SWI is a second-order topological insulator [17, with chiral hinge states [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] along the edges parallel to the rotation axis and two-dimensional mass- less Dirac fermions on the surfaces normal to the rotation axis. To show this, we explicitly derive the equivalence between ∆ 3D and the quantized magnetoelectric polarizability by analyzing the homotopy group of the sewing matrix for I ST symmetry. The bulk-boundary correspondence for the magnetoelectric polarizability indicates that there should be anomalous gapless states on both the top and bottom surfaces and the side hinges when ∆ 3D = 1 modulo 2 as shown in Fig. 1 . Our theoretical analysis is based on the reformulation of Stiefel-Whitney classes in a smooth gauge: they arise as the winding numbers of the symmetry representation for C 2z T , i.e., the obstruction to the reality condition. This symmetry representation theory provides an alternative way to describe both Wannier obstructions and obstructed atomic limits, consistent with topological quantum chemistry [49] [50] [51] [52] [53] , and goes beyond the symmetry-indicator method [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] , which cannot detect the nontrivial topology within high-symmetry submanifolds in the BZ.
Stiefel-Whitney classes and homotopy group of the sewing matrx.-Let us first study the general properties of the sewing matrix G for C 2z T defined as
where −C 2z k = (k x , k y , −k z ) and |u nk is the cell-periodic part of a Bloch state. Since (C 2z T ) 2 = (C 2z ) 2 T 2 = 1 in both spinless and spinful systems, G satisfies
Under a gauge transformation |u nk → |u nk = U mn (k)|u mk , the sewing matrix transforms as
where G mn (k) = u m(−C2zk) |C 2z T |u nk . If we choose smooth occupied states, the corresponding sewing matrix also becomes smooth. The nontrivial homotopy class of G characterizes the obstruction to taking a uniform representation
. Such a symmetric unitary matrix can be written as G = exp(−iH), where H is a symmetric Hermitian matrix. Let us note that symmetric hermitian matrices form the quotient space of the unitary and orthogonal Lie algebras, u(N )/so(N ), because u(N ) and so(N ) are the set of Hermitian and antisymmetric Hermitian matrices, respectively. Therefore, we obtain
where N denotes the number of occupied bands. The sewing matrix G can have homotopically nontrivial structures in both 1D and 2D because the first and second homotopy groups for U (N )/SO(N ) are nontrivial [23] : Considering the gauge transformations that preserve the smoothness of wavefunctions, one can find that the 1D homotopy group is reduced from Z to Z 2 while the 2D homotopy group does not change, which can be found from Eq. (3). The 1D and 2D winding numbers of G modulo gauge transformations define the 1D and 2D topological invariants characterizing the wavefunction topology on the C 2z T -invariant planes, that is, w 1 and w 2 , respectively. The correspondence between the 1D, 2D winding numbers and w 1 , w 2 can be shown explicitly by transforming from a smooth gauge to a real gauge defined by G(k) = 1 with the cost of losing smoothness of wavefunctions as shown in Supplemental Material [64] . Interestingly, the 3D topological invariant, which corresponds to the 3D winding number of G, is determined by the 2D winding number of G in C 2z T -invariant planes. To show this, let us consider the Brillouin torus T 3 as a 3-sphere S 3 as shown in Fig. 2(a,b) , for simplicity. Under C 2z T , the wavefunctions on the northern hemisphere D 3 is transformed to wavefunctions on the southern hemisphere and vice versa, while the equator S 2 is invariant. Therefore, the effective domain consists of the upper hemisphere and its boundary as shown in Fig. 2(b) . The relevant homotopy group for the effective domain is the relative homotopy group π 3 [M, X], which classifies the maps D 3 → M with the constraint
3 is the upper hemisphere, and S 2 is the equator as shown in Fig. 2(c) . The relative homotopy group
as shown in Supplemental Material, and thus
Since the π 3 [U (N )] part comes from the gauge degrees of freedom that changes the 3D winding number by an even integer, the 3D topological invariant is determined by the 2D topological invariant on the invariant subspace, i.e., Fu-Kane-Mele invariant, one can define a 3D strong topological invariant by using w 2 (0) and w 2 (π) defined on the k z = 0 and k z = π planes, respectively, as
which is basically equivalent to the Z 2 -invariant proposed in [9] . Because w 2 (π) = w 2 (0) in weakly coupled layered systems, the nonzero ∆ 3D is a genuine 3D invariant [9] . The phase with ∆ 3D = 1 can be called a 3D strong Stiefel-Whitney insulator. Below we show that the 3D strong SWI is a welldefined stable topological phase only when all the Chern numbers are trivial: c indicates the Chern number defined in the k i k j plane. Here a stable topological phase indicates that its 3D topological invariant remains intact against adding atomic insulators, whose 2D or 3D band topology is trivial whereas their 1D invariant can be nontrivial [14] .
To address the stability of the 3D strong SWI, let us consider the Whitney sum formula which can be applied to C 2z Tsymmetric 2D BZ torus [8, 64, 74] 
where B i indicates a block of occupied bands separated by the gaps from other blocks of bands, w 2 (B i ) is w 2 of B i , and w j=x,y 1 (B i ) is w 1 of B i defined along the k j=x,y direction. This can be simply derived by using our homotopy theory as shown in Supplemental Material [64] . According to Eq. (8), w 2 is fragile because it can be changed when bands with a trivial w 2 are added [8, 13] . For instance, if a block of bands B is added to the original block B, w 2 changes as
Even when w 2 (B ) = 0, δw 2 can be nonzero when w 
where B is assumed to be from an atomic insulator, such that w Quantized magnetoelectric polarizability in 3D SWI.-We now show that ∆ 3D is equivalent to the quantized magnetoelectric polarizability P 3 . First, we assume that all the Chern numbers are trivial: c xy 1 = c yz 1 = c zx 1 = 0, and thus ∆ 3D is a stable topological invariant. In a smooth gauge, P 3 takes the form of the 3D Chern-Simons invariant [75, 76] 
where 
which is nothing but the 3D winding number of the sewing matrix G. As the 3D winding number is determined by the 2D winding numbers in invariant planes as shown above, we eventually have
which is proved more explicitly in Supplemental Material [64] .
Bulk-boundary correspondence.-Given the relation in Eq. (S46), the bulk-boundary correspondence of the 3D strong SWI can be described by using the known topological effective action [75] S (bulk) top
where
is the electromagnetic field strength, and we take = c = e = 1. Let us study the boundary effect. Consider a 3D strong SWI on one side with x < 0 and the vacuum on the other side with x > 0, which is modeled by P 3 (t, x) = P 3 Θ(−x). After integrated by parts, the effective action can be written as a boundary action,
Accordingly, the bulk topology induces the surface quantum Hall effect with Hall conductivity σ (surf) H = P 3 /2π. In other words, the Chern number on the surface is given by
because σ H = c 1 /2π. The surface state with c (surf) 1 = 1/2 can be realized in two different ways depending on the symmetry of the system. Namely, it can be either a Chern insulator with half-quantized Hall conductance as in axion insulators [77] or a semimetal with an odd number of Dirac points as in time-reversal-invariant 3D topological insulators [78] .
Here we consider the case where C 2z and T symmetries are broken individually whereas the combined symmetry C 2z T is preserved. If both C 2z and T are the symmetries of the system, the 3D strong SWI is not allowed when T 2 = 1 [9] because w 2 (0) = w 2 (π) as C 2z eigenvalues indicate [8] . On the other hand, when T 2 = −1, ∆ 3D = 1 is allowed, but it is identical to the well known Fu-Kane-Mele invariant [9] since the bulk P 3 is nontrivial [76] .
In a 3D strong SWI, both gapless and gapped states appear on the surface as shown in Fig. 1(b) . To understand this, let us consider an orthorhombic geometry. On the top and bottom surfaces, which are C 2z T -invariant, insulating states are not allowed because C 2z T symmetry requires the vanishing of the Chern number. Instead, there appears an odd number of Dirac points, whose π Berry phase is protected due to the quantization of the Berry phase by C 2z T [9] . On the other hand, side surfaces are gapped because C 2z T symmetry is broken and thus 2D Dirac points cannot be protected. So the side surfaces become Chern insulators with half-quantized Hall conductance with c 1 = n ± 1/2 where n is an integer. The sign of c 1 on the side surfaces are related by C 2z T symmetry through
andn is the surface normal unit vector pointing outwards, and F = dA − iA × A is the Berry curvature. It means that the front side surface and the back side surface form two domains with different Chern numbers. Therefore, chiral 1D states appear on side hinges that are the boundaries of the two different domains. Let us note that the stability condition for the 3D strong SWI, that is, the vanishing of the bulk Chern numbers, prohibits anomalous surface states on the side surfaces, and thus the chiral hinge states can become well-localized.
Tight-binding model.-To construct a model for a 3D strong SWI, let us start with a Hamiltonian describing a 3D Dirac semimetal with C 2z T = K symmetry,
where Γ 1 = σ x , Γ 2 = τ y σ y , and Γ 3 = σ z . Two Dirac points appear at (k x , k y , k z ) = (0, 0, ±π/2), respectively. Since each Dirac point carries a Z 2 monopole [10] [11] [12] , which is nothing but the nontrivial w 2 of a closed manifold wrapping the Dirac point, w 2 (0) and w 2 (π) should be different. Adding C 2z T -preserving perturbations that open the bulk and surface band gaps, we have
, and Γ 15 = τ z σ y . v = 0 opens the bulk gap whereas m 14 = 0 and m 24 = 0 open the gap on the side surfaces [64] . As long as the perturbations are small such that the band gap does not close on k z = 0 and k z = π planes, w 2 (π) − w 2 (0) = 1 mod 2 should be maintained.
Wilson loop calculations in Fig. 3 (a,b) show that w 2 (0) = 1 and w 2 (π) = 0 because w 2 is given by the number of linear crossing points at Θ = π modulo two, where Θ is the phase of the eigenvalue of the Wilson loop operator [8, 11, 12, 16, 18, 19, 23, 79] [See also [64] ]. Our finite-size calculations in (a) Discussion.-In general, P 3 is quantized in the presence of a symmetry reversing the space-time orientation [46, 64, 80] such as T , P , M = C 2 P , C n≥3 P , and C n T symmetries, where M is a mirror or glide mirror, and C n is a n-fold rotation or screw rotation. When T is not a symmetry operation, chiral hinge states can appear when the geometry of the system is suitably choosen: the relevant symmetry generators include P [40, 41, 44] 
, and C 6 T [47]. If we consider only symmorphic symmetries, chiral hinge states protected by those symmetries have already been studied before except for the cases with C 2 T . Thus, the discovery of the second order topological insulator protected by C 2 T in the present work (See also [81] ) completes the theoretical search for symmorphic second-order topological insulators characterized by the bulk magnetoelectric polarizability. We note that nonsymmorphic symmetries can also protect chiral hinge states as shown in [58, 64] .
Let us discuss about candidate systems realizing the 3D strong SWI. One way is by breaking T of a 3D Z 2 topological insulator that initially has both C 2 and T symmetries with T 2 = −1 as discussed in [9] . In systems with negligible spin-orbit coupling, P T -symmetric Z 2 monopole semimetals, such as ABC-stacked graphdiyne proposed in [8] , can be used. By breaking T while keeping C 2 T , a 3D strong SWI can be obtained. Finally, we remark that our homotopy theory of the symmetry representation provides a general principle for defining symmetry-protected topological invariants: a d-dimensional invariant is given by the d-dimensional winding number of the symmetry representation. For instance, we have further shown that when the magnetoelectric polarizability is quantized by a space-time symmetry, it can always be expressed by the 3D winding number of the sewing matrix [46, 64, 80] . The Fu-Kane invariant and the mirror Chern number can also be interpreted as 2D winding numbers as shown in Supplemental Material [64] . Note added.-During the preparation of our manuscript, we have found a related manuscript [81] that also identifies the presence of chiral hinge states in C 2z T -protected insulators with P 3 = 1. In this section, we identify the bulk-symmetry-preserving terms that can gap out the surface states of a P T -symmetric spinless Dirac semimetal.
CONTENTS
First, consider the effective Hamiltonian for a Dirac semimetal with two Dirac points at (0, 0, k z ) = (0, 0, ±k * ):
where P = σ x , T = τ x K, and
At a fixed k z , the Hamiltonian describes a 2D Stiefel-Whitney insulator (normal insulator) when m 0 > 0 (m 0 < 0) if we define m 0 = k 2 * − k 2 z . We now investigate the edge states of the Stiefel-Whitney insulator by considering a system occupying only a half space x > 0, following Ref. [65] . As the x-direction is not periodic, we write the Hamiltonian in real space for the direction.
where m(x 0) = m 0 , m(x 0) = −m 0 , m(x) changes sign at x = 0, and m 0 > 0.
As the Hamiltonian is block-diagonal, we first solve the Schrödinger equation Hu = Eu for the upper block using u = (u 1 , u 2 , 0, 0) T :
Applying u * 2 (m − ∂ x ) to the upper and u * 1 (m + ∂ x ) to the lower equation, we get
using the anti-Hermiticity of ∂ x which follows from the Hermiticity of H. From this we find |E| ≥ |k y |. We seek solutions satisfying the lowest bound E = ±k y because we are interested in the in-gap states that are the closest to the Fermi level. For E = ±k y , Eq. (S4) and (S5) becomes
We have u 2 = 0 and (m + ∂ x )u 1 = 0 when E = k y , and u 1 = 0 and (m − ∂ x )u 2 = 0 when E = −k y . Therefore, the edge state, which exponentially decays into the bulk, is
and its energy eigenvalue is E = k y . We can do the same for the lower block to have
and its energy eigenvalue is E = −k y . Thus, we have two edge states of opposite chirality:
As they exist for every k z such that |k z | < k * , these edge states form a double Fermi arcs on the surface x = 0 of the Dirac semimetal.
Next, we include other terms as perturbations. Define
Then Γ ij terms with i = 1, 2, 3 and j = 4, 5 are P Tsymmetric. Projecting the terms to the edge states
we find 
Γ 24 and Γ 25 serve as mass terms of H edge . Similarly, we find that Γ 14 and Γ 15 serve as mass terms if we take the y direction finite. In conclusion, all the surfaces normal tox orŷ are gapped if we include, e.g., Γ 14 and Γ 24 mass terms as is done in the main text.
SM 2. WINDING NUMBER CHARACTERIZATION OF SW CLASSES
In the main text, we used that the first and second StiefelWhitney classes defined in a real gauge correspond to the 1D and 2D winding numbers of the sewing matrix computed in a smooth gauge. We prove the statement here.
A. The first Stiefel-Whitney class
The first homotopy class of G determines the Berry phase as shown explicitly in [66] . In a smooth gauge, C 2z T symmetry condition C 2z T |u nk = G mn (k)|u mk imposes on the Berry connection A mn (k) = u mk |i∇ k |u nk that is satisfies
Taking the trace over the occupied bands, we find C TrA(k) = − i 2 C ∇ k log det G(k) = wπ, where w = C ∇ k θ is the winding number of det G = e iθ . This winding number characterizes the first homotopy class of G as only the determinant part is homotopically nontrivial over 1D (i.e.,π 1 
. Because a gauge transformation |u nk → |u nk = U mn (k)|u mk changes the 1D winding number of G by an even number through
, only the parity of the winding number is meaningful and characterizes the topological phase.
Let us briefly review the correspondence between the 1D winding number of G in a smooth gauge and the first StiefelWhitney class w 1 in a real gauge [8] . We will use the same method to derive the correspondence between the 2D winding number of G and the second Stiefel-Whitney class in the next section. Let us suppose that we change the gauge by the transformation |ũ nk = U mn (k)|u mk such thatG(k) = U † (k)G(k)U * (k) and U (k) is smooth for 0 < k < 2π, where 0 ≤ k < 2π parametrizes a closed loop in the C 2z T -invariant plane. If we require the reality conditionG(k) = 1 for the new basis, we have det[
We have the transition function t mn ≡ ũ m0 |ũ n2π = U * pm (0)U pn (0 + 2π) since u p0 |u q2π = δ pq because of the smoothness of the original basis. Its determinant is given by the winding number of G as follows:
w . As the first Stiefel-Whitney class w 1 is defined by (−1) w1 = det t, we have w 1 = w modulo 2.
B. The second Stiefel-Whitney class
Now we show that the 2D winding number of G in a smooth gauge corresponds to the second Stiefel-Whitney class in a real gauge. We will begin with the definition of the second Stiefel-Whitney class then go to a smooth gauge. We first consider the Brillouin zone as a sphere by neglecting the non-contractible 1D cycles. This is valid as long as topology is concerned when all 1D topological invariants are trivial, which we assume for simplicity. Then, we will show that it can be extended to the case with nontrivial 1D topological invariants.
We cover the sphere with two patches, the northern N and the southern S, overlapping only on the equator, i.e., θ = π/2 in the spherical coordinates [See Fig. S1(a) ]. That is, real occupied states |ũ nk are smooth within the patches, but there can exist a nontrivial transition function on the equator defined by
It is an element of the orthogonal group O(N ) for N occupied bands. The second Stiefel-Whitney class w 2 is defined by the 1D winding number of the transition function t N S modulo 2. Then, we consider a gauge transformation to smooth states |u n(θ,φ) by
The gauge transformation matrix U satisfies
where we used that |u nk is smooth in the last line. By choosing the gauge U S (θ, φ) = 1, we have
on the equator. The information on the wavefunction topology that was encoded in the transition function t N S in a real gauge is now in the gauge transformation matrix U N , in the form of its relative homotopy class. The homotopy group of U N with the boundary condition Eq. (S37) is the relative homotopy group Fig. S1(b) ]. Here, [U (N ), O(N )] means that U N ∈ U (N ) inside the northern hemisphere and U N ∈ O(N ) on its boundary, which is the equator. Because π 2 [U (N )] = 0, the relative homotopy class of U N is in one-to-one correspondence with the homotopy class of its restriction to its boundary, which is the homotopy class of the transition function t N S ∈ π 1 [O(N )]. Moreover, the relative homotopy group of U N is isomorphic to the homotopy group of G = U U T , where U = U N on the northern hemisphere and U = U S on the southern hemisphere. We prove the above two statements in Sec. SM 8. Based on the above arguments, we find that the 2D winding number of G corresponds to the second Stiefel-Whitney class.
The correspondence holds in the presence of 1D topological invariants. To see this, it is enough to show that the 2D winding number of G satisfies the Whitney sum formula [8, 74] . Let us suppose that the occupied bands form blocks B i isolated by a band gap from each other. On the Brillouin torus having non-contractible 1D cycles along k x and k y , the second Stiefel-Whitney class of the whole occupied bands ⊕B i is related to the Stiefel-Whitney classes of blocks by the Whitney sum formula
where w j=x,y 1
is the first Stiefel-Whitney class along k j=x,y . The appearance of the second summation is unique to the second Stiefel-Whitney class.
This nontrivial summation rule has a simple interpretation in perspective of winding number of G. For simplicity, we consider two blocks of occupied bands isolated by a band gap. Then, the sewing matrix becomes block-diagonal.
where we separated out the U (1) factor e iθi=1,2 in each block. Then, the 2D winding number of G :
is given by the sum of the three winding numbers for
The parities of the first and second winding numbers correspond to w 2 (B 1 ) and w 2 (B 2 ), respectively. The 2D winding number of the U (1) × U (1) part is calculated as
where we used that θ i=1,2 (k) is homotopically equivalent to w 
SM 3. WILSON LOOP METHOD
In this section, we show the connection between the 2D winding number of the sewing matrix for C 2z T and the winding number of the Wilson loop spectrum in an invariant plane. This provides a new insight into the Wilson loop method [8, 11, 12, 16, 18, 19, 23, 79] .
We first define a Wilson line operator for the occupied states on the line connecting k and k by
and m, n are indices for occupied states. The transition matrix F satisfies the following equation in C 2z T -symmetric systems.
It follows that
Therefore, we find that
For simplicity, we assume that all 1D topological invariants are trivial. Then, we can take a gauge G(k x , −π) = 1 such that
Because we are in a smooth gauge, we have
so the Wilson loop operator belong to the orthogonal group at k y = π:
It belongs to SO(N ) ⊂ O(N ) because it is continously connected to the identity element W (kx,−π)→(kx,−π) = 1. Let us contract the k x = −π, k x = π, and k y = −π lines to a point, which is possible due to the assumption that the 1D topology is trivial, as shown in Fig. S2(a,b) . As we showed in Sec. SM 8, the relative homotopy class of ,π) . Therefore, we conclude that the 2D winding number of G(k x , k y ) is in one-to-one correspondence with the 1D winding number of the Wilson loop operator W [k x ]. In practice, one obtains the winding number of the Wilson loop operator from the winding pattern of its spectrum, which can be calculated in a gauge-invariant way.
SM 4. HIGH-SYMMETRY REPRESENTATION
As shown in [76] for the Fu-Kane-Mele 3D topological insulator, the homotopy class of the sewing matrix can sometimes be obtained from the high-symmetry representations.
Here, let us demonstrate this for the second Stiefel-Whitney class with both C 2z and T symmetries.
Let us suppose that C 2z and T are both symmetry operators and consider a C 2z T -invariant plane. Then, the sewing matrix for C 2z T is given by the product of sewing matrices for C 2z and T .
For spinless systems, because B(k) is homotopically trivial as one can see from that the 1D and 2D topological phases in the AI class are trivial, the winding numbers of G is equal to that of D up to gauge transformations. As we will show now, the parity of the winding number of D is given by the number of pairs of negative parity eigenvalues. Here, two negative eigenvalues are counted as a pair only when they appear at the same invariant momentum. This reproduces the result in Ref. 8 and 63. Let us consider two occupied bands and take B(k) = 1 such that D(k) = G(−k) ∈ U (2)/SO(2) for simplicity. It can be simply generalized to three or more occupied bands because the occupied bands can always be decomposed into blocks of two or one occupied bands [8, 67, 72] , where each block is isolated from the others by the band gap. In addition, we take a gauge with a fixed determinant of D, either det D(k) = 1 or det D(k) = −1 for all k, when all the Berry phase is trivial. When all the Berry phase is trivial, det D is the same at all C 2z -invariant points (equivalently, time-reversal-invariant momenta, TRIM), so it is possible to have a uniform det D over the whole Brillouin zone. Then, the 2D winding number of D :
is determined by the degree of D, which is given by the number of points in T 2 that is mapped to an element u ∈ SU (2)/SO (2) . When the Berry phase is nontrivial along a direction, we cannot take a uniform determinant of D. Instead, the band degeneracy can always be lifted [8] 
In this case also, the winding number is given by the degree of D. Thus, let us calculate the degree of D.
At four TRIM, the eigenvalues λ 1 and λ 2 of C 2z can take one of four combinations:
The condition that the two occupied bands are gapped from the other bands requires that the number of negative eigenvalues summed over four TRIM should be even [68] . Therefore, an even number of TRIM have (+, −) or (−, +), and it also means that an even number of TRIM have (+, +) or (−, −).
When an odd number of TRIM have (−, −), then deg D is odd because D(k) = −1 can occur at even number points of out of TRIM due to D(−k) = D −1 (k). Otherwise, (−, −) and (+, +) both occur an even number of times, so deg D is even. Therefore, deg D is given by the parity of the number of the times (−, −) pairs appear at TRIM.
For spinful systems, we take a k-independent D such that the winding numbers of G is equal to that of B. We will show that the 2D winding number is given by the Fu-Kane formula [6] . This provides an alternative derivation of the equivalence between the second Stiefel-Whitney class and the FuKane invariant in systems with C 2z and T symmetries [13] .
We take det B(k) = 1, which is allowed as shown in [76] , and (2) . Then, we get the 2D winding number of B :
Therefore, the parity of the winding number of B is odd when PfB(k) = −1 at an odd number of TRIM. In other words, the mod 2 degree of B is given by
This is the Fu-Kane formula [6] with det B = 1.
SM 5. MIRROR CHERN NUMBER
Here, we show that the mirror Chern number can be represented as the 2D winding number of the sewing matrix for the mirror operator M . We follow the same procedure we used in the C 2z T -symmetric case.
Consider a mirror symmetry.
As mirror operator satisfies M 2 = 1 (when M 2 = −1, we can consider M = iM that satisfies M 2 = 1),
The sewing matrix transforms by
under the gauge transformation|u nk
In a mirror-invariant plane where M k = k, G is a unitary Hermitian matrix, so it has the following form
where U (k) ∈ U (N + M ) is a gauge transformation needed to diagonalize the sewing matrix G(k). Since diagonal U ∈ U (N ) × U (M ) does not change the matrix G, the sewing matrix belong to the quotient space called the complex Grassmannian manifold
It can have a 2D winding number because π n [U (N + M )/U (N ) × U (M )] = 0 for n =odd and Z for n =even.
Following the same logic used for C 2z T symmetry, we can derive the relation between the mirror Chern number and the winding number of G. Let us consider the same spherical geometry used for the C 2z T -symmetric case [See Fig. S1(a) ], and start from the mirror eigenstate basis |ũ n(θ,φ) withG = diag(1 N ×N , −1 M ×M ). In the eigenstate basis, the sphere is covered with two patches, the northern (N ) and the southern (S), that overlaps on the equator. Then, the transition matrix
The winding number of t N S + and t
N S
− gives the Chern number of the sector with mirror eigenvalue +1 and −1, respectively.
After we transform to a smooth gauge, the winding number of the transition function will be encoded in the 2D winding number of the sewing matrix G. Here we assume that the total Chern number vanishes in order to take a smooth gauge at the cost of giving up a uniform sewing matrix. We will first show that the relative homotopy class of the gauge transformation matrix U needed to go to a smooth gauge corresponds to the homotopy class of the transition function. Then, we will get the desired result by Eq. (S34).
Let us first show that U satisfies the constraint that it equals to the transition matrix on the equator. We consider a gauge transformation from mirror eigenstates |ũ n(θ,φ) to smooth states |u n(θ,φ) defined by |ũ
, where we used that |u nk is smooth such that u p(π/2,φ) |u q(π/2,φ) = δ pq . By choosing the gauge U S (θ, φ) = 1, we have
on the equator. Next, we show that the relative homotopy class of U is given by the homotopy class of the transition function t N S . This follows from the exact sequence in Eq. (S48). In our case, M = U (N + M ), and X = U (N ) × U (M ). As
Notice that ker i * 2 is composed of elements whose total winding number vanishes, i.e., the total Chern number is trivial, such that the nontrivial element in the group characterizes the mirror Chern number. We can also show that the homotopy group for G is in one-to-one correspondence with the relative homotopy group of U in the same way as we did for C 2z T symmetry. In conclusion, the 2D winding number of G corresponds to the mirror Chern number. In a system symmetric under the space-time-orientationreversing transformation g, regardless of whether it is symmorphic or nonsymmorphic, the magnetoelectric polarizability is quantized [80] . Here we show that the magnetoelectric polarizability is given by the winding number of the sewing matrix of g.
Let us consider a system that is symmetric under a spacetime transformation g : (r, t) → (Or + t, s g t), where O is a point group element. Then, the symmetry operatorÛ g acts on the position operatorr and the pure imaginary number i aŝ
The symmetry representation for the Bloch states is given by
Accordingly, the cell-periodic part transforms by
such that
where we used the notation introduced in [69] : f sg = f for s g = 1 and f sg = f * for s g = −1. Using this, one can show that the Berry connection satisfies the following symmetry constraint.
where we introduced two notationsÃ
. The magnetoelectric polarizability P 3 then satisfies
where we assumed that all the first Chern numbers are trivial to remove the term
in the fifth line. We have obtained that
for the symmetry operation with s g det O −1 = −1.
B. Relation to 3D strong Stiefel-Whitney insulator
Because the change of 2P 3 under the gauge transforma-
, Consequently, 2P 3 is welldefined as a topological invariant only modulo two, so it is a Z 2 topological invariant. In the main text, we have shown that 2P 3 is identical to ∆ 3D = w 2 (π)−w 2 (0). Here, we show the equivalence more explicitly by demonstrating that the 3D winding number of G is determined by the 2D winding number of G on two C 2z T -invariant planes with k z = 0 and k z = π. For simplicity, let us take N = 2 and neglect the U (1) factor. This assumption is good enough to determine the topological invariant modulo two because
Let us note that SU (2) S 3 and SU (2)/SO(2) S 2 , which can be obtained from the fact that a SU (2) element U = a 0 + ia 1 σ 1 + ia 2 σ 2 + ia 3 σ 3 has four real coefficients a 0 , ..., a 3 satisfying a elements are the ones with a 2 = 0. Then, the winding number of G : T 3 → SU (2) S 3 is determined by the degree of G, which is given by the number of points in T 3 that is mapped to a given element u ∈ SU (2) [76] . The degree does not depend on the choice of u [76] . If we choose u ∈ SU (2)/SO(2), when a point with k z = 0 or π is mapped to u, the point has a partner related by C 2z T that is mapped to the same element u since (C 2z T ) 2 = 1, so such a pair of points contributes an even number to the degree. Accordingly, the parity of the degree is given by the sum of the degree computed on the k z = 0 and k z = π planes, which is equivalent to the 2D winding number of G : T 2 → SU (2)/SO(2) S 2 on the planes. In other words, 2P 3 = w 2 (π) + w 2 (0) modulo two because the 2D winding number is identical to the second Stiefel-Whitney class. Using w 2 = −w 2 modulo two, we eventually have ∆ 3D = 2P 3 mod 2.
(S46)
SM 7. ANOMALOUS BOUNDARY STATES OF AXION INSULATORS
Let us comment on the general bulk-boundary correspondence of insulators with quantized magnetoelectric polarizability, the so-called axion insulators. As shown in Sec. SM 6 A, the magnetoelectric polarizability is quantized by a space-time-orientation-reversing symmetry in general. Let g be orientation-reversing. Then, on the surface, because c 1 = (1/2π) BZ d 2 kTrF ·n, and F ·n changes sign by operations that reverses the space-time orientation. Here, n is the surface normal unit vector pointing outwards, and F = dA − iA × A is the Berry curvature. Accordingly, x and gx belongs to different surface domains with opposite signs of Chern numbers if they are gapped. Using this, we can generate the real space configuration of boundary states of axion insulators protected by space-time-orientation-reversing symmetries. Figure S3 shows anomalous boundary states of axion insulators [40] [41] [42] [44] [45] [46] [47] [48] . 2. What we show next is that the homotopy class of G is identical to the relative homotopy class of U N . Let us note from the gauge transformation rule G mn (k) → G mn (k) = [U † (k)G(k)U * (k)] mn and (S14) that
where we defined U = U N for θ ≥ π/2, and U = U S for θ < π/2 [See Fig. S1(a,b) ]. As G(θ, φ) ∈ U (N )/SO(N ) for θ ≥ π/2 and G(θ, φ) = 1 for θ ≤ π/2, the homotopy class of G over the sphere can equally be given by the relative homotopy class on the northern hemisphere. We will show that the map G : U (N ) → U (N )/SO(N ) given by G : U → U U The proof goes as follows. G * is a homomorphism between the two relative homotopy groups because G is continuous [71] . Moreover, G * is surjective because G is so. This follows from the Takagi's factorization: G = V V T for some V ∈ U (N ). Then, let us notice that the mapping of the generator determines the homomorphism because both homotopy groups are generated by one element: they are both Z when N = 2 and Z 2 when N ≥ 3. By the surjectivity, the homomorphism G * sends the generator of π 2 [U (N ), O(N )] to the generator of π 2 [U (N )/SO(N ), 1], so G * is an isomorphism.
3. Let us prove that
This follows from the long exact sequence ... 
